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Outline

› Polarization of polariton super‚uids

› Classi˛cation of vortices

› Half-vortices. The core texture. Half-vortices with strings

› E¸ects of TE-TM splitting

› Generation of vortex lattices. Scattering on disorder
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Vortices and their winding numbers

In the usual XY-model:

Core

Winding number = 2

Core

Winding number = 1

In a system with multicomponent order parameter it can be possible to
have additional winding numbers.

In polariton condensates/super‚uids the order parameter is the polarization
(complex) vector.
There are two winding numbers.
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The Gross-Pitaevskii equation

The order parameter is two-dimensional complex vector ~ .
The energy functional for polariton super‚uid

H = Hkin +H˙ +Hint =

=
Z

d2r


~ ˜ ´
„

` 1

2m˜
´ ` —

«

~ + i˙[~ ˜ˆ ~ ] +
1

2

h

U0(~ ˜ ´ ~ )2 ` U1
~ ˜2 ~ 2

i

ff

;

where ˙ = (1=2)g—BB is half of the Zeeman splitting of free polariton.

The Gross-Pitaevskii equation reads

i
@ i

@t
=
‹H

‹ ˜
i

=
»

` 1

2m˜
´ ` —

–

 i + i˙"ij j + U0 
˜
j j i ` U1 j j 

˜
i ;

where "xy = `"yx = 1, "xx = "yy = 0.
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Linear polarization at zero magnetic field

Formation of linear polarization in polariton condensates [Le Si Dang et

al.; Snoke et al., 2006] arises due to the reduction of polariton-polariton
repulsion energy Hint:

Hint =
1

2

Z

d2r
n

(U0 ` U1)(~ ˜ ´ ~ )2 + U1j~ ˜ˆ ~ j2
o

:

Two interaction constants, U0 = AM"" and U1 = A(M"" ` M"#)=2, where
A = ıR2 is the excitation spot area. Typically, U0=2 < U1 < U0.

At a ˛xed concentration n = (~ ˜ ´ ~ ) minimum of Hint is reached for

~ ˜ˆ ~ = 0 ) Linear polarization

One can write
~ lin = f x;  yg =

p
n ei„fcos ”; sin ”g;

so that the order parameter is de˛ned by two angles, ” and „.

Note that the states ”; „ and ” + ı; „+ ı are identical.
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Condensate polarization in magnetic field

The uniform free-energy density

Huni=A = `—n ` 2˙Sz +
1

2
(U0 ` U1)n2 + 2U1S

2
z ; ˙ = (1=2)g—BB:

where n = (~ ˜ ´ ~ ) and Sz = (i=2)[~ ˆ ~ ˜].

Weak ˛elds: ˙ 6 ˙c = nU1.
Condensate is elliptically polarized with  = 2Sz=n and

—0 = (U0 ` U1)n; Sz =
˙

2U1
; Hmin=A = `1

2
(U0 ` U1)n2 ` ˙2

2U1
:

Strong ˛elds: ˙ > ˙c = nU1.
Condensate is fully circularly polarized, i.e., Sz = n=2, ( = 1). Also

— = U0n` ˙; Hmin=A = `1

2
U0n

2;
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Quantum phase transition

The critical magnetic ˛eld corresponds to the quantum phase transition.
Topology of the order parameter space is changing at B = Bc:

Magnetic Field0                                        Bc

Elliptically
polarized
superfluid

Circularly
polarized
superfluid
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The order parameter space

~ elp = ei„ ff cos ” ` ig sin ”; f sin ” + ig cos ”g ; f2 + g2 = 1; 2fg = “:

Direction angle η

P
ha

se
 a

ng
le

 θ

(1
/2

,1
/2

)(-1/2,1/2)

(-1
/2

,-1
/2

) (1/2,-1/2)

0

2π

2π0

The possible changes are:
” ! ” + 2ık,
„ ! „ + 2ım.

Vortex carries two topologi-
cal charges (winding numbers),
(k;m).

Integer vortices:
k;m = 0;˚1;˚2; : : :

Half-integer vortices:
k;m = ˚1=2;˚3=2; : : :

JJ J ¨ I II ˆ



ICSCE4, 8-12th September 2008 9

Half-vortices

Half-vortices in 3He-A: G.E. Volovik and V.P. Mineev, (1976);
M.C. Cross and W.F. Brinkman, (1977).

They appear due to combined spin-gauge symmetry:

Spin quantization axis change ~d ! `~d
Phase change „ ! „ ˚ ı

The super‚uid velocity around the half-vortex ~vs / r„ is a half of the
super‚uid velocity around the usual vortex with „ ! „ ˚ 2ı.

Half-vortex carries half-quantum of the super‚uid current.
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Why two winding numbers (k;m)?

Atomic spinor s = 1 condensates
(three-component)

3D real ~d and phase „
Half-vortex: ~d ! `~d, „ ! „ + ı

All rotations ~d ! `~d are in the
same homotopy class

Polariton pseudospin case
(two-component)

2D real ~d and phase „
Half-vortex: ~d ! `~d, „ ! „ + ı

Clockwise and counterclockwise
~d ! `~d are topologically

di¸erent
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The half-vortex core

The core size a = ~=
p

2m˜— ‰ 1 —m. For a basic half-vortex

~ hv =
p
n

h

~A (ffi)f(r=a) ` i ~B (ffi)g(r=a)
i

;

where the azimuthal dependencies are given by

~A (ffi) = eimffifcos(kffi); sin(kffi)g;

~B (ffi) = sgn(km)eimffifsin(kffi);` cos(kffi)g;
and radial functions f(r=a) and g(r=a) are found from ‹H=‹ ~ ˜ = 0:

f 00 +
1

‰
f 0 ` 1

2‰2
(f ` g) +

1

2
(‚ ` 1)!g + [1 ` f2 ` ‚g2]f = 0;

g00 +
1

‰
g0 ` 1

2‰2
(g ` f) +

1

2
(‚ ` 1)!f + [1 ` g2 ` ‚f2]g = 0;

where ‰ = r=a, ‚ = (U0 + U1)=(U0 ` U1), and ! = sgn(km)˙=nU1.
Conditions f(0) = g(0), f2(1) + g2(1) = 1, 2f(1)g(1) = !.

JJ J ¨ I II ˆ



ICSCE4, 8-12th September 2008 12

Half-vortex in circular polarizations

~ elp =
p
neimffi ff cos(kffi) ` ig sin(kffi); f sin(kffi) + ig cos(kffi)g =

=
q

n=2
“

[f + sgn(km)g]ei(m`k)ffi j"i + [f ` sgn(km)g]ei(m+k)ffi j#i
”

;

where

j"i =
1p
2

f1; ig; j#i =
1p
2

f1;`ig;

Right half-vortices: km > 0. Left-circular component becomes fully
depleted and polarization is right-circular at r = 0.

Left half-vortices: km < 0. Right-circular component becomes fully
depleted and polarization is left-circular at r = 0.
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Atraction between spin-up and spin-down polaritons (‚ = 5)
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Repulsion between spin-up and spin-down polaritons (‚ = 2)

2 4 6 r/a 2 4 6 r/a

|ψ−|2

2 4 6 r/a0

0.2

0.4

0.6

2 4 6 r/a

0.8

1

0

0.2

0.4

0.6

0.8

1

0

0.2

0.4

0.6

0.8

1

0

0.2

0.4

0.6

0.8

1

|ψ+|2

0 0

0 0

0.0
0.25
0.5
0.7

Ω/Ωc

JJ J ¨ I II ˆ



ICSCE4, 8-12th September 2008 15

The polarization texture of half-vortex core

Showing Ref~ e`i!tg, where ! = !p + —.

(a) (b)
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Two left half-vortices
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Left1v.swf
Media File (application/x-shockwave-flash)


Left2a.swf
Media File (application/x-shockwave-flash)
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Pair of left half-vortices
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Pair2.swf
Media File (application/x-shockwave-flash)
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Permuted pair of left half-vortices
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Pair1.swf
Media File (application/x-shockwave-flash)
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Half-vortex energies

~ elp = ei„ ff cos ” ` ig sin ”; f sin ” + ig cos ”g ; f2+g2 = 1; 2fg = “:

E = Ecore +Eel;

Eel =
1

2
s

Z

d2r
h

(r”)2 + (r„)2 ` 2“(r„ ´ r”)
i

; Core

Elastic
region

ac

where s = ~
2n=m˜, — = n(U0 ` U1), and ac = a˚ = ~=[2m˜—(1 ˚ “)]1=2.

Single vortex:

E
(s)
el =

ı

2
s

(

(1 + “)(k +m)2 ln

"

R

a+

#

+ (1 ` “)(k`m)2 ln

"

R

a`

#)

:

The half-vortex energy (ı=2)s(1 ˚ “) ln(R=a˚) = (ı=2)(˚)
s ln(R=a˚).
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Vortex interactions

Vortex pair.

E
(p)
el = ıs[(k1 + k2)2 + (m1 +m2)2] ln(R=a)

+ 2ıs(k1k2 +m1m2) ln(a=r):

Right (km > 0) half-vortices, (1=2; 1=2) and (`1=2;`1=2), interact with
each other. But they don’t interact with the left (km < 0) half-vortices,
(1=2;`1=2) and (`1=2; 1=2).
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Berezinskii-Kosterlitz-Thouless transitions

Estimation of critical temperature.

F = E
(s)
el ` T ln(R=a)2 =

»

ı

2
(˚)

s ` 2T
–

ln(R=a); T (˚)
c =

ı

4
(˚)

s :

For ˙ = 0 the critical temperature T (˚)
c = (1=2)TKT, where TKT = (ı=2)s.

Magnetic FieldBc

Te
m

pe
ra

tu
re

TKT

Phase diagram in the HFP approximation: J. Keeling, arXiv:0801.2637
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Polarization pinning. Half-vortices with strings

Eel =
1

2
s

Z

d2r
n

(r„)2 + (r”)2 + ›[1 ` cos(2”)]
o

´„ = 0; ´” = › sin(2”):

Without pinning (› = 0) With pinning (› > 0)

In the case of pinning E(p)(r) / r for large distances.
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HVusual.swf
Media File (application/x-shockwave-flash)


HVstring.swf
Media File (application/x-shockwave-flash)
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Effects of TE-TM splitting

The kinetic energy density can be written as

T =
~

2

2



1

mt

(ri 
˜
j )(ri j) +

„

1

ml

` 1

mt

«

(ri 
˜
i )(rj j)

ff

:

Elastic energy of a single vortex

E
(s)
el =

ı~
2n

2

»„

1

ml
+

1

mt

«

(k2 +m2)

+
„

1

ml
` 1

mt

«

(1 `m2)‹1;k

–

ln
„

R

a

«

:

The main term is the same as without TE-TM splitting with

1

m˜
=

1

2

„

1

ml

+
1

mt

«

:
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Integer vortices

(a)

(d)

(b)

(c)

(0,+1) (0,-1)

(-1,0) (+1,0)

Cases(a ` c) : Es =
ı~

2n

m˜
; Case(d) : Es =

ı~
2n

ml

:

Since (1; 0) ! (1=2;`1=2) + (1=2; 1=2), these half-vortices start to interact.
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Three beams excitation

Vortices in singular optics: J.F. Nye and M.V. Berry (1974).
Several beam excitation: K. O’Holleran, M.J. Padgett, M.R. Dennis (2006)

~k1 + ~k2 + ~k3 = 0

kx

ky

ELP

i
@ ff

@t
= T̂ ff ` i

2fi
 ff +U0j ffj2 ff +(U0 `2U1)j `ffj2 ff +fff(~r ; t); ff = ˚
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Evolution in linear case (1)
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LinearSmall.mpg
Media File (video/mpeg)
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Evolution in linear case (2)
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LinearLarge.mpg
Media File (video/mpeg)
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Nonlinear evolution
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NonLinearLarge.mpg
Media File (video/mpeg)
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Half-vortex lattices (three TE beams)
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ThreeTE.mpg
Media File (video/mpeg)
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One pulse with disorder potential
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WaveInDisorder.mpg
Media File (video/mpeg)
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Scattering of elliptically polarized wave
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Conclusions

› Vortices in polariton condensates in planar semiconductor mi-
crocavities carry two winding numbers (k;m). These numbers
can be either integer or half-integer simultaneously.

› Pinning of polarization results in appearance of strings attached
to half-vortices. An account for TE-TM splitting results in the
interaction between left and right half-vortices.

› Vortices can appear when three or more coherent waves with
di¸erent directions of their wave vectors overlap. This allows
vortices to be injected into polariton condensates directly by
overlapping several beams, or by using a single beam and ex-
ploiting the scattering of polaritons on disorder.
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